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Abstract
The last decade has seen the rise of neuromorphic architectures based on artificial spiking neural
networks (SNNs), such as the SpiNNaker, TrueNorth, and Loihi systems. The massive parallel-
ism and co-locating of computation and memory in these architectures potentially allows for an
energy usage that is orders of magnitude lower compared to traditional Von Neumann architec-
tures. However, to date a comparison with more traditional computational architectures (particu-
larly with respect to energy usage) is hampered by the lack of a formal machine model and a com-
putational complexity theory for neuromorphic computation. In this paper we take the first steps
towards such a theory. We introduce three (increasingly complex) machine models based on SNNs
where—in contrast to the familiar Turing machine—information and the manipulation thereof
can be co-located in the machine. Using these models, we introduce canonical problems for our
machine models, define hierarchies of complexity classes, and provide some first completeness
results.

1. Introduction

Moore’s law [16] states that the number of transistors in integrated circuits (ICs) doubles approxim-
ately every two years. As transistors become faster, overall IC performance has historically doubled about
every 18months, though this has come with increased energy consumption [22]. However, Moore’s
law appears to be slowing down [3]. Engineers from Intel and ASMC have independently reported
that the trend still holds for now, but both emphasise that it is unlikely to continue indefinitely [20,
24]. Although advances in chip design and manufacturing continue to offer performance gains, they
remain constrained by the limits of traditional ‘Von Neumann’ (VN) architectures. As VN architectures
separate computation and memory by a bus, they require both data and algorithm to be transferred
from memory to the CPU with every instruction cycle. This separation, known since 1978 as the VN
bottleneck [2], has become increasingly problematic: while CPU speeds have grown rapidly, memory
access and data transfer rates have lagged behind [10].

While more data than ever before is being generated, computing now faces fundamental limits: the
end of Moore’s law, performance bottlenecks in the VN architecture, and rising energy consumption
with its associated carbon footprint [19]. These challenges have accelerated the development of several
generations of neuromorphic hardware architectures [4, 6, 11, 15]. Inspired by the structure of the brain
(largely parallel computations in neurons, low power consumption, event-driven communication via
synapses) these architectures co-locate computation and memory in artificial spiking neural networks
(SNNs). The spiking behaviour allows for potentially energy-lean computations [14] while still allowing
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for in principle any conceivable computation [13]. However, we do not yet fully understand the potential
and limitations of these new architectures. Benchmarking results are suggesting that event-driven inform-
ation processing (e.g. in neuromorphic robotics or brain–computer-interfacing) and energy-critical
applications might be suitable candidate problems, whereas ‘deep’ classification and pattern recognition
(where SNNs are outperformed by convolutional deep neural networks) and applications that value pre-
cision over energy usage may be less natural problems to solve on neuromorphic hardware. Although
several algorithms have been developed to tackle specific problems [5], there is currently no insight in
the potential and limitations of neuromorphic architectures.

The emphasis on energy as a vital resource, in addition to the more traditional time and space, sug-
gests that the traditional machine models in complexity theory (i.e. Turing machines and Boolean cir-
cuits) and the corresponding formal machinery (reductions, hardness proofs, complete problems etc)
are ill-matched to capture the computational power of SNNs. What is lacking is a unifying compu-
tational framework and structural complexity results that can demonstrate what can and cannot be
done in principle with bounded resources with respect to convergence time, network size, and energy
consumption [9]. Previous work is mostly restricted to variations of Turing machine models within
the VN architecture [7] or energy functions defined on threshold circuits [23] and as such unsuited for
studying SNNs. This is nicely illustrated by the following quote:

‘It is … likely that an entirely new computational theory paradigm will need to be defined
in order to encompass the computational abilities of neuromorphic systems’ [19, p 29]

In this paper we propose several machine models for SNN-based neuromorphic architectures and
lay the foundations for a neuromorphic complexity theory. At this stage, we unfortunately lack any res-
ults pertaining to energy complexity specifically. However, our proposed framework turns this into an
explicit dimension of analysis, and it is our hope that this will both facilitate and encourage future work
towards obtaining such results. The remainder of this paper is structured as follows. In section 2 we will
introduce our machine models in detail, elaborating on both standalone neuromorphic computation as
well as hybrid models that combine traditional with neuromorphic computation. In section 3 we further
elaborate on the resources time, space, and energy relative to our machine models. In section 4 we will
explore the complexity classes associated with these machine models and derive some basic structural
properties and hardness results. We conclude the paper in section 5.

2. Machine model

In order to abstract away from the actual computation on a neuromorphic device, in a similar vein as
the Turing machine acts as an abstraction of computations on traditional hardware architectures, we
introduce a novel notion of computation based on SNNs. While we acknowledge that not all neur-
omorphic architectures are spiking-based, it is the underlying principle of the most prominent architec-
tures such as Intel’s Loihi [4], the HBPs Spinnaker [6], and IBM’s TrueNorth [1]. We will first elaborate
on the network model and then proceed to translate that to a formal machine model.

2.1. SNNmodel
We model the SNN as a discrete-time dynamical system, as many of the systems that inspire our work
are based on this type of SNN model. Generally speaking, a SNN mimics the dynamics of biological
neural systems. It consists of discrete-time leaky integrate-and-fire (LIF) neurons, weighted and delayed
synapses, and neurons with fixed spiking patterns. This framework enables the SNN to model intricate
spatial arrangements and temporal dynamics, presenting a simplified model for neural processing. The
core of the SNN, the discrete-time LIF neuron, replicates the membrane potential dynamics of biological
neurons, updating periodically in a synchronised fashion. Its potential changes based on synaptic inputs
and an intrinsic decay, mimicking a biological neuron’s leaky nature. When this potential exceeds a cer-
tain threshold, the neuron fires a spike, reflecting natural neurons’ all-or-nothing response. After firing
a spike the neuron’s membrane potential resets to the reset voltage. Figure 1 illustrates the behaviour of
such a leaky integrate-and-fire neuron with multiple inputs and outputs.

In addition to LIF neurons, we also make use of programmed neurons. These neurons are set to fire
at predetermined intervals which allows us to introduce ‘external’ stimuli or specific internal activity pat-
terns, linking the SNN with the outside world or particular computational tasks. These neurons allow
for controlled network manipulation, aiding in the exploration of network reactions to set stimuli or in
achieving defined computational objectives.
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Figure 1. The figure shows the behaviour of a leaky integrate-and-fire neuron n with multiple inputs and outputs. The set of
input neurons is labelled I1, I2, . . . , Im, each connecting to neuron n with respective weight w and delay d. On the right, the neuron
n projects to the set of output neuronsO1,O2, . . . ,O! via synapses with respective weights w and delays d. Adapted with permis-
sion from [12]. Copyright © 2020 ACM.

Finally, synapses connect two neurons and are furthermore defined by their weights and delays.
These synapses allow for directional neuronal communication from the presynaptic neuron to the post-
synaptic neuron. Weights signify a synapse’s impact on the receiving neuron, with positive weights for
excitatory and negative weights for inhibitory effects. Delays introduce signal transmission times, adding
temporal depth to the network’s functionality. The behaviour of LIF neurons, programmed neurons and
synaptic connections with weights and delays simulated in discrete time steps, gives rise to rich SNN
dynamics, while offering a straightforward path to map neuronal activity to computational steps.

In formal terms, an SNN is a tuple (N,S) where N is a finite set of neurons and S is a finite set of
synapses, which can be represented as directed edges between the neurons. Elements of the set N can
either be LIF neurons or programmed neurons. LIF neurons are defined by their threshold T, initial
voltage V, reset voltage R and leakage constant m, while programmed neurons are defined by a spike
train (an arbitrary long but finite string of zeros and ones that defines the spiking behaviour for each
time step). Formally, we define LIF=Q!0 ×Q!0 ×Q!0 ×Q[0,1], so that every LIF neuron is of some
type (T,V,R,m) ∈ LIF; we similarly define PN= {0,1}∗ so that every programmed neuron is of some
type σ ∈ PN. Using these definitions, we say N is a set of n neurons, each of which is either of a type
τ(i) = (Ti,Vi,Ri,mi) (for a LIF neuron) or a type τ(i) = σi (for a programmed neuron).

We denote the unique synapse from neuron i to neuron j, as si,j. In general, a synapse is defined by
a 4-tuple (i, j,d,w) which refer to the presynaptic neuron, the postsynaptic neuron, the delay and the
weight of the synapse respectively. This means that formally S is a finite subset of N×N×N>0 ×Q>0.

Our SNN model is partially based on work by Severa and colleagues at Sandia National Labs [21].
We use functions u and x to define the behaviour of the LIF neuron model. The potential function
u maps pairs consisting of a LIF neuron and a timestep to a membrane voltage, while x maps pairs
consisting of a neuron of any type and a timestep to a spike event. For LIF neurons, x depends on u
while it does not for programmed neurons. Within a given SNN (N,S), the function u : N×N→Q!0

(defined only for LIF neurons) is described by the following equation:

u(i, t) = ui (t) =

)




Vi if t= 0

max

(
0,Ri +

∑
j∈N

wjixj
(
t− dji

{
)

if t> 0,ui (t− 1)! Ti

max

(
0,mi · ui (t− 1)+

∑
j∈N

wjixj
(
t− dji

{
)

otherwise.

The function x : N×N→ {0,1} is formalised by the following equation:

x(i, t) = xi (t) =

)




1 if τ (i) ∈ LIF and ui (t)! Ti

1 if τ (i) ∈ PN and σi (t) = 1
0 otherwise .

Here σi(t) is the tth element of the spike train of a programmed neuron i of type σi.
The above definitions were chosen for their simplicity. The results in the following sections also

apply to more complex neuron models, provided these can be simulated by our model with a resource
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Figure 2. (a): notational conventions for (top to bottom on the left) a regular neuron, a programmed neuron, and a read-out
neuron; dedicated acceptance and rejection neurons (top to bottom on the right). (b): three different ways of constructing a
continuously firing neuron by (top to bottom) a single spike feeding into a neuron with R= T= 1, a single spike feeding into a
neuron with a recurrent synapse, and an explicit spike train firing K times. (c): from top to bottom: comparing, taking max, and
taking min of two natural numbers a and b encoded by spike delays. Note the shorthand notation ‘b’ for a programmed neuron
with spike train {0}b1. Adapted with permission from [12]. Copyright © 2020 ACM.

overhead consistent with the respective result. Our analysis does not, however, extend to neuron models
that incorporate a form of unbounded memory or stochastic processes.

2.2. Spiking machine (SM)model
Our formal machine model for a general SM now consists of a 3-tuple S = (N,S,acc), where (N,S)
are a set of neurons and synapses respectively which together make up a SNN as described previously,
and where acc ∈ N indicates the acceptance neuron. This definition, though seemingly more concise
since the underlying SNN contains most of the specifications, is similar to how a Turing machine M
can be described as a 7-tuple (Q,Σ,Γ,δ,q0,B,F) which refers to its state space, input alphabet, tape
alphabet, transition function, starting state, blank symbol and accepting states respectively (Hopcroft et al
2007). While this definition may seem abstract, it formally describes the structure of an ordinary SNN,
viewed as a computational model with specified input and output neurons.

Having established this formal notion of a SM model, we will subsequently build on this concept
by exploring certain variations of it, such as a SM with a dedicated rejection neuron. See figure 2 for
notational conventions regarding the visualisation of SMs or parts thereof.

2.3. Machine models
In order to describe the computation on a Turing machine, one typically describes a generic decision
problem as follows: ‘Given a machine M and input i on its tape, does M accept i using resources at
most R’? Following this convention, i denotes the input rather than a neuron index throughout the
remainder of this paper. With this notation in place, we now let L be the language that M should recog-
nise, i.e. the job of M is to decide whether i ∈ L. To translate such problems to a SM model, one not
only needs to define the SM itself, but also the resources R that this machine may use, how the input i is
encoded, and what it means for the machine to accept the input i using resources R. In the remainder of
this section we will define and explore three distinct variations on the SM model.

2.3.1. Spike-input model
A straightforward mapping from this description to a SM model physically separates the machine
and the input to it. We will call this approach the spike input model S , where S has a designated pro-
grammed neuron in(S) and designated readout neuron acc(S); the input i is encoded as the pro-
grammed spike train of in(S), and we define i ∈ LS to be the case precisely when acc(S) fires upon
S receiving the input i. For convenience, an additional readout neuron rej(S) may be assumed (see dis-
cussion above) that fires if and only if i &∈ LS . As we will show in section 3.1, we may extend the spike
train to the singleton input neuron in(S) to a spike wave feeding into multiple neurons with only a lin-
ear increase in resource needs. This approach can graphically be depicted as in figure 3. The complex-
ity classes associated with decision problems that can be decided using this model, where the allowed
resources are described by RS , will be denoted as S(RS).
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Figure 3. Schematic representation of the spike-input variant of the spiking machine model. The input spike train on the left is
fed into some spiking machine S , represented here as a black box containing a SNN. Within this box, spikes propagate from the
input neuron in(S) through interconnected neurons, which may result in a spike in the readout neuron acc(S) which represents
the output of the spiking machine model to the right. The diagram visualises the notion of a spiking machine as a computational
unit mapping input to output.

This approach is conceptually somewhat similar to a Turing machine as it separates input and com-
putation. Unlike a Turing machine’s working tape, however, the spike train represents an unalterable
read-once stream of information. We can thus think of this concept as a read-only Turing machine.

2.3.2. Pre-processing model
The simplicity of the basic spike-input model defies the basic premise that in neuromorphic architec-
tures both the input and the algorithm operating on it are encoded in the SM’s structure and paramet-
ers. That is, while the most straightforward way of encoding an input might indeed be through pro-
gramming a spike train onto an input neuron, in some cases it might be more efficient to encode it oth-
erwise, such as at the level of synaptic weights or even delays. In this approach, input and computation
are no longer physically separated but are co-located within the SM.

However, when characterising the resource usage of the machine model when input and computa-
tion are co-located, we are presented with a challenge. Observe that, unlike what is the case for families
of Boolean circuits (where there can be a separate circuit per input length), here potentially every input
relates to a specific SM. This extreme non-uniformity makes the asymptotic analysis of such machines
difficult, as there is no straightforward way of characterising asymptotic general behaviour. Hence, in
this model we explicitly designate the construction of the SM as part of the computation. We will call
this approach the pre-processing model M ◦S described below.

In this model, a machine Si may encode both the input i and the algorithm deciding whether i ∈ L.
What it means to decide a problem L using a SM now becomes the following: that there is an RM-
resource-bounded Turing machine M that generates a SM Si for every input i provided on its input
tape, such that Si decides whether i ∈ L using resources at most RS . Si again has access to a spike input
train i′ (provided by M) and accepts or rejects using designated neurons. Formally, we define a map-
ping i → (Si, i ′), characterise the mapping by resources RM, and the SNN computation by resources RS .
Figure 4 depicts this approach.

Note that in this definition the workload is shared between the Turing machine M and the SM Si,
and that the definition naturally allows for trading off generality of the SM (acceptance of different spike
input trains by the same SM) and generality of the Turing machine (generating different SMs for each
distinct input). Figure 5 provides a simple comparison between three implementations of the ARRAY

SEARCH-problem: given an array A of integers and a number i, does A contain i? Note that in the right-
most example a ‘circuit approach’ is emulated, with a uniform family of SMs, one for each array length.
We are not currently aware of a straightforward way to simulate the entire computation for arrays of
arbitrary size in the SM, and it is unclear if the current notion even allows for this.

We can informally see the Turing machine M as a sort of pre-processing computation generating the
SM Si and then deferring the actual decision to accept or reject the input to this machine. We will use
the notation M(RM) ◦S(RS) to refer to the class of decision problems that can be decided in this way.

While the previous model had some conceptual similarity with a Turing machine, this model has
similarities with a uniform family of Boolean circuits. In these models, a different circuit may be used
for every input size |x|, yet, the circuit is independent of the contents of the input. The uniformity con-
dition requires the existence of a resource-bounded mapping 1n → Cn. However, our machine model

5
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Figure 4. Schematic representation of the pre-processing machine model as a black box receiving input on the left and produ-
cing output to the right of the box. Within the box are the constituent elements of the pre-processing machine model, namely
a stylised Turing machine and a SM represented by its SNN. Input to the pre-processing machine is first received by the Turing
machine, which constructs the SM to the right which in which its input and computation are co-located. The execution of the SM
finally yields the output of the overarching pre-processing machine model.

Figure 5. Three spiking machines designed to decide whether an array A of natural numbers contains i. Note that in figure (a)
both A and i as well as the parallel comparison are encoded in the machine; in figure (b) the search value i is offered as input
(using a spike train consisting of a single spike with delay i), and in figure (c) both the search value and the integers in the array
are offered as input to the machine, while the size of the array is fixed. The number of spikes used in the computation is respect-
ively" |n|+ 2," |n|+ 3, and" 2|n|+ 2; the generality of the machine increases but this comes at the price of the increasing
number of spikes in the computation. Adapted with permission from [12]. Copyright © 2020 ACM.

generalises over these uniformity conditions, as we do not constrain the pre-processing to operate only
on the input length3.

It is convenient, though, to define and observe the behaviour of this constrained pre-processing. We
define an RM-uniform family SRM

F (RS) of SMs by constraining the RM-bounded Turing machine to
realise the mapping 1|i| → S|i|, where S|i| is defined as in section 2.3.1, and assume a uniform (RM-

bounded) encoding of the input i as a spike train i′ feeding into S|i|. Trivially, SRM
F (RS)⊆M(RM) ◦

S(RS).
As a final note on this model, observe that we really need the pre-processing to be part of the defin-

ition of the model for neuromorphic computation to meaningfully define resource-bounded computa-
tions, as we are allowed in principle to define a unique SM per instance i. Otherwise, the mapping from
i to Si could be the trivial and uninformative mapping:

i → Si :

{
S with σacc(S) = 1 if i ∈ L

S with σrej(S) = 1 otherwise

3 Note though that it is entirely possible to consider intermediate levels of generalisation between depending only on the input length
and depending on the input in a fully arbitrary manner (constrained only by the bounds imposed on the computational resources). For
instance, we may consider a mapping where the SM structure depends only on the input size or a similar feature, but the SM parameters
are allowed to depend on the ‘contents’ of the input.
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Figure 6. Interactive computational model where aspects of computation can be delegated from the Turing machine to the spik-
ing machine, allowing for hybrid algorithms.

where σ returns the spike train string of a programmed neuron.

2.3.3. Interactive model
In addition to the pre-processing model, we can also consider a setting in which a Turing machine and
a SM interact dynamically during computation, similar to how a CPU may interleave its execution with
instructions handled by a coprocessor such as a GPU. In this model, we allow an iterative interaction
between M and an oracle capable of deciding whether a SM S accepts, such that the computation car-
ried out by M is interleaved with oracle calls whose results can be acted on accordingly (see figure 6).

We will formalise the interactive model of neuromorphic computation in terms of Turing machines
equipped with an oracle for a specific SM. This involves augmenting a deterministic Turing machine
with a query tape, an oracle-query state, and an oracle-result state. Now when a machine with such an
oracle enters the oracle-query state with (S, i) on its query tape it proceeds to the oracle-result state, at
which point it will replace the contents with 1 if S accepts and with 0 if S rejects (given that the query
state holds a correct description of S ; the outcome otherwise returned is unspecified). We will call this
approach the interactive model MS described below; the corresponding complexity classes for suitable
choices of RM and RS are characterised4 as M(RM)S(RS).

In section 4 we will cover the formal aspects involved in these definitions; we start in the next
section by formalising the resources RS and RM that we wish to allocate to these machines.

3. Resources

We denote the resource constraints of the Turing machine M (when part of the model) with the tuple
RM = (TIME,SPACE). We allow the decision of the SM S to take resources RS ; this can be further
specified to be a tuple RS = (TIME,SPACE,ENERGY), referring to the number of time steps S may
use, the total size of the SM |S|, and total number of spikes that S is allowed to use, all as a function
of the size of the input i, either explicated as the length of the spike train feeding directly in S , or as
the length of the input tape feeding into M. Note that for S in practice ENERGY" TIME×SPACE
since any neuron can fire at most once per time step5. Furthermore, note that similarly SPACE is
upper bounded by RM, as for example we cannot in polynomial time construct a SM with an expo-
nential number of neurons. We assume in the remainder that the constraints can be described by their
asymptotic behaviour, and in particular that they are closed under scalar and additive operations; we
will describe RM and RS as being well-behaved if they adhere to this assumption. (To clarify, here we
restrict ourselves to considering only deterministic resources for both RM and RS , just as we consider
only deterministic membrane potential functions.)

When the constraints RM are such that M(RM) characterises familiar complexity classes we will use
the common notation for that class from here on; as an abuse of notation we will also use this notation
as a shorthand for the resources RM themselves.

4 There is a slight technicality here: as we cannot assume that S(RS) as complexity class has complete problems for all choices of RS ,
this notation is to be interpreted as the union of all oracles for SMs with RS resource bounds.
5 We thank the reviewer for pointing out that the inequality E " T× S holds only under our definition of energy complexity based on
spike events. When energy is instead defined in terms of synaptic operations, the corresponding upper bound becomes E " T× S2. The
results in the following sections remain unaffected by this choice of definition.
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Figure 7. Example construct to separate n= 4 concatenated spikes trains of length k= 2 into separate virtual spike trains.

3.1. Spike waves vs. singleton spike train
It is often convenient to assume that multiple spike trains (or spike waves) can be injected simultan-
eously in SNNs via different input neurons. However, to keep the models of computation as simple as
possible, we will in our proofs assume a single spike train to a designated input neuron. Here we will
show that we can do so without loss of generality with linear delay and a linear number of additional
spikes, assuming a constant number m of spike trains and a finite length k of each train. To exemplify
our approach we will demonstrate a construction where a concatenated spike input stream, consisting
of m · k spikes, can be transformed to m virtual input neurons that, after a delay of m · k time slices, will
simultaneously produce m spike trains of length k, after which they will be silent.

We assume an input neuron S that gets as spike train k1k2 . . . kn that needs to be separated into
n spike trains k1,k2, . . .kn. We introduce n neurons Si (i = 1 . . .n) and connect S to Si via a synapse
with weight 1 and delay i · k. We also introduce n programmed neurons Pi with programmed spike
train {1}(i−1)k{0}k{1}(n−i)k; each Pi is connected to Si with weight −1 and delay i · k. This effectively
mutes the virtual input neuron for all but its designated part of the concatenated spike train; the delays
ensure that all virtual input neurons spike at the same time after delay nk. In figure 7 an example is
given for k= 2, n= 4, and spike wave {00,01,10,11} to the four input neurons. In the timing scheme
below (where actively inhibited spikes are explicated as ‘0’) we see the desired behaviour. Note that
this construct produces, assuming a constant n, a linear amount n2k of additional spikes and a linear
delay n · k.

3.2. Clock andmeter
According to a classical and generally known result (see [8]) one can for any Turing machine M provide
an equivalent machine M ′ which effectively has access to a clock and a ruler, such that M ′ enters the
rejection state immediately when these bounds are violated, using overhead which is typically negli-
gible from a complexity perspective. As a consequence one is often allowed to work under the assump-
tion that Turing machines possess such clocks and rulers, as we shall also do here for convenience. To
demonstrate the power of the SM model under consideration, we show that it is similarly possible to
build into such a SM S both a meter to monitor energy usage as well as a timer which counts down
the allotted time steps. However, as these components are not relevant for our subsequent results, we
will not treat them as part of our baseline assumption. Given an upper bound e on the number of
spikes, we can construct an energy counter neuron E, with threshold e, reset voltage e, and leakage
factor m, with one synapse sk,E = (1,1) for each k ∈ N, and sE,acc(S) = (1,−

∑
j |wj,acc(S)|), sE,rej(S) =

(1,Trej(S) +
∑

j |wj,rej(S)|) where applicable. This ensures that if at some time step the permitted number

8



Neuromorph. Comput. Eng. 6 (2026) 014004 J Kwisthout et al

Figure 8. Adding a timer and a meter to an arbitrary spiking machine S . Adapted with permission from [12]. Copyright © 2020
ACM.

of spikes has been reached without accepting or rejecting (which itself involves a spike from the corres-
ponding neuron), from the next time step on the energy counter will inhibit the acceptance neuron and
excite the rejection neuron if present. Along similar lines, given an upper bound t on the number of
time steps, we can include a programmed timer neuron T with threshold 1, reset value 0, and leakage
factor 1, which fires once at the first time step, along with synapses sT,acc(S) = (t+ 1,−

∑
j |wjacc(S)|),

and sT,acc(S) = (t+ 1,Trej(S) +
∑

j |wjrej(S)|) where applicable (figure 8). Observe that these constructions
add only two neurons, a proportionate number of synapses, and (in the presence of a rejection neuron)
only a few additional spikes expended, hence the SM size and in particular its construction time remain
the same asymptotically.

4. Structural complexity

In this section we explore some properties of the hierarchies of complexity classes, defined by choices for
(RM and) RS , for each of the three models of computation. We introduce complete problems and relate
spiking-machine-based classes to traditional complexity classes.

4.1. Spike-input model
The computational power of the spike-input model is not trivial to establish. It appears that, due to the
absence of explicit memory, there is no easy translation from a Turing machine to such a model; for
starters, it is challenging to simulate the reading and writing on a working tape. In this sense, this model
is likely to capture a weaker model of computation than a Turing machine equipped with a read-write
head. Early work by Natschlager and Maass [17] suggests that such a model is able to represent (and
learn from data) definite memory machines (themselves being specific instances of finite state machines).
However, as the potential in each of the neurons can take in principle an unbounded number of values
between the reset and threshold voltage, the SM can assume an infinite number of configurations and
hence this model seems more powerful than a finite-state machine, unless we assume a fixed precision
for the neuron and synapse parameters in which case the network effectively can be simulated by such
a machine. For the purposes of this study, we restrict our model to a fixed, though arbitrary, level of
precision. A more detailed analysis of how precision relates to the structural complexity of SMs could be
a valuable extension, but it lies beyond the scope of this publication.

4.2. Uniform family of SMs
However, a uniform family of SMs (one machine for each input length) can easily be shown to simulate
a family of Boolean circuits. It is well known that a family of Boolean circuits, with standard bounded
fan-in basis, of size SIZE(t log t) can simulate a deterministic Turing machine taking time TIME(t) for its

9
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Figure 9. A spiking machine component for binary or, and, and unary negation.

Figure 10. The spiking machine simulating (x1 ∨¬x2)∧ x3.

computation, assuming that t! |i|, where |i| is the size of the input on the tape [18, 25]. More in gen-
eral this implies that any computation taking polynomial time on a deterministic Turing machine can be
simulated by a (not necessarily uniform) family of circuits of polynomial size. In the remainder we show
that every Boolean circuit (with binary gates ∨ and ∧ and unary gate ¬) of size t can be simulated with
a SM of size at most t+ 1 with time proportional to the depth of the circuit and energy proportional to
its size. Figure 9 shows small SM components for each connective.

Importantly, the SM is timed: we assume that the input to input gates x1, . . . ,xm is simulated by a
spike wave to input neurons X1, . . . ,XM consisting of a single spike (if the input to the corresponding
gate is 1) or a silence (if the input is 0) at time t= 0. Spikes are delayed so that they arrive simultan-
eously at time t at a gate on depth t. The unary negation component uses a programmed neuron that
fires at t− 1 when the neuron simulates a gate at depth t; the input to the neuron effectively inhibits
this spike, leading to the desired behaviour. Instead of one programmed neuron for each negation, we
can also have a singleton neuron connecting to multiple negation simulators with the appropriate delays.
In figure 10 we give an example for (x1 ∨¬x2)∧ x3.

Note that this construction shows that a family SF (P) =
⋃

|i|S|i|(P) of polynomial-sized SMs (one
machine for every input size |i| to the Turing machine) can simulate any polynomially-bounded compu-
tation on such a machine, where the time needed for the simulation is upper bounded by the necessary
depth of the circuit. This may be polynomial in the input size as well (unless P = NC; in this unlikely
case the depth is bounded logarithmically in the input size). More specifically:

10
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Corollary 1. P⊆ SP
F (P)

Note that we cannot directly prove the opposite direction SF (P)⊆ P as the family of SMs is infinite.
Assuming uniformity and resource-bounded realisation introduces the family SRM

F (P) of polynomial-
sized spiking networks that can be constructed by a Turing machine (on input |i|) using resources RM;
this model is likely too weak as the algorithm is uniform and limited to realise the mapping 1|i| → S|i|.
However, in the next section we will show that the pre-processing model gives us what is necessary to
show equivalence to P.

4.3. Pre-processing model
We now take a closer look at the more generic class M(RM) ◦S(RS), where the pre-processing is
not constrained to just the mapping 1|i| → S|i|. To begin with, it makes little sense to allow the pre-
processing to operate with at least as much resources as the SM, since otherwise the execution of the
SM can be simulated classically; this remark is illustrated in theorem 1 below. For this reason we typic-
ally choose RM to be at most polynomial time and polynomial or even logarithmic space, corresponding
to the classes P and L respectively.

Theorem 1. M(P) ◦S(RS) = P whenever RS involves at most polynomial time constraints.

Proof. As P⊆M(P) ◦S(RS) is obvious, we focus on proving the inclusion in the other direction. The cru-
cial observation is that for a Turing machine with polynomial time constraints it is impossible to construct
a larger than polynomial SM, which leads to a straightforward upper bound on the size of the SM. Recalling
our earlier observation that the energy consumption of a SM is upper bounded in terms of (the product of)
its size and time constraints, this implies that the SM constructed is effectively polynomially bounded (or
worse) on all resources. Now it suffices to show that a deterministic Turing machine can simulate in polyno-
mial time the execution of a SM of polynomial size for at most polynomial time. This can be done by expli-
citly iterating over the neurons for every time step, determining whether they fire and scheduling the trans-
mission of this spike along the outgoing synapses, until the SM terminates or the time bounds are reached.
By thus absorbing the decision procedure carried out by the SM into the classical polynomial-time computa-
tion carried out by the machine we arrive at the stated inclusion.

One can easily see that, since P is low for itself, polynomially-bounded interactive computation does
not change this result. This theorem serves as a reminder that SMs are no magical devices: while there
is a potential efficiency gain, mostly in terms of energy usage relative to computations on traditional
hardware (only), neuromorphic computations with at most polynomial time constraints cannot achieve
more than their classical counterparts. It remains to be determined to what extent the classes S(RS),
M(RM) ◦S(RS), and M(RM)S(RS) exhibit any hierarchical behaviour based on the constraints RS ,
in particular energy. We can however note that for well-defined resource constraints these classes are
closed under operations such as intersection and complement, since SMs themselves are, so that decision
procedures can be adjusted or combined at the level of the SM.

Observe that using different resource constraints RM and RS we can define a lattice of complex-
ity classes for each computation model. It is therefore natural to consider the notions of reduction and
hardness in this context, which is what we will do next. We round off this section with summarising the
relation between the computational models, relative to fixed resources RM and RS :

Theorem 2. S(RS)⊆ SRM
F (RS)⊆M(RM) ◦S(RS)⊆M(RM)S(RS)

Proof. S(RS)⊆ SRM
F (RS) follows as S(RS), being a constant object, can be constructed independent of

resource constraints. SRM
F (RS)⊆M(RM) ◦S(RS) holds als the former is a special case of the latter. And

finally,M(RM) ◦S(RS) is a constrained special case ofM(RM)S(RS)
1 ⊆M(RM)S(RS).

4.4. Completeness for neuromorphic complexity classes
We start with observing that, assuming finite precision of the parameters, S(RS) ∈ DSPACE(O(1)) as
S(RS) can be simulated with a deterministic finite state machine. Establishing completeness for prob-
lems inside DSPACE(O(1)) requires very specific reductions and we consider this out-of-scope for this
paper.

In order to arrive at a canonical complete problem for the class M(RM) ◦S(RS), it makes sense
to consider the analogy with other models of computation, where one asks whether the given proced-
ure (be it machine, circuit or otherwise) accepts the provided input. Since even for the class M(RM) ◦
S(RS) it is not a SM but a Turing machine which controls how the input is handled, the resulting can-
didate for a complete problem for this class will involve the latter and not the former. This means that
to distinguish this problem from its classical equivalent we must include the promise that the Turing
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machine is indeed of the kind associated with the class M(RM) ◦S(RS), in that it generates an RS-
bounded SM using resources RM

6. In other words, we claim that the following problem is complete
under polynomial-time reductions for the promise version of the class M(RM) ◦S(RS).

S(RM,RS)-HALTING

Instance: Turing machine M along with input string i.
Promise: M is an M(RM) ◦S(RS)-machine.
Question: Does M accept i?

Theorem 3. S(RM,RS)-HALTING is complete under polynomial-time reductions for the promise version of
M(RM) ◦S(RS).

Proof. Membership of this problem is established as follows: with a universalM(RM) ◦S(RS)machine
one can take the machineM and simulate it on the input i. If the machineM is indeed anM(RM) ◦
S(RS)machine as per the promise, then this simulation will succeed within the permitted resource bounds
and we can simply return the answer given byM. In case the promise fails to hold, we only need to ensure
that the (unsuccessful) simulation does not exceed the resource bounds, since it is otherwise irrelevant
which response is ultimately given. For the hardness of this problem, we observe that every problem in
M(RM) ◦S(RS) is by definition solvable by anM(RM) ◦S(RS)-machine, hence the straightforward
reduction from any such problem to S(RM,RS)-HALTING consists of taking the input i and passing it
along to S(RM,RS)-HALTING accompanied by a particularM(RM) ◦S(RS)-machine which decides the
problem.

For interactive computation (viz. using a M(RM)S(RS) machine), we can similarly as in theorem 3
show that S(RM,RS)-HALTING is complete for the promise version of M(RM)S(RS). The argument is
identical as in theorem 3 for both membership and hardness.

Corollary 2. S(RM,RS)-HALTING is complete under polynomial-time reductions for the promise version of
M(RM)S(RS).

However, for particular assignments of RM we can actually replace the Turing machine with a SM
and still end up with a complete (promise) problem. We will illustrate this construction for RM corres-
ponding to L, using logspace reductions as part of the hardness proof.

S(L,RS)-NETWORK HALTING

Instance: Machine S along with input string i.
Promise: S terminates within resource bounds RS expressed as a function of |i|.
Question: Does S accept?

Theorem 4. S(L,RS)-NETWORK HALTING is complete under logspace reductions for the promise version of
M(L ◦S(RS)).

Proof. Membership follows from the observation that a Turing machine can simply ignore the input string
|i| and return S , which by definition is an RS-constrained SM which accepts precisely whenever S does. To
prove hardness we reduce S(RM,RS)-HALTING to S(L,RS)-NETWORK HALTING using logspace reductions.
Let (M, i) be an instance of the former. By simulating the application ofM on i and replacing it with the
resulting machine Si (which by the promise can be done using logarithmic space), we obtain an instance
(Si, i) of S(L,RS)-NETWORK HALTING where the promise for Si is inherited from that forM and the decision
of Si is that ofM on i by definition7.

This completeness result shows that for those choices of RM that we were likely to consider anyways
(cf the remark at the beginning of this section) we are justified in taking SMs, and by extension SNNs,
as computationally primitive in a sense relevant for our treatment.

5. Conclusion

In this paper we proposed a machine model to assess the potential of neuromorphic architectures with
energy as a vital resource in addition to time and space. We introduced a hierarchy of computational

6 This construction is similar to the one required for the class BPP associated with probabilistic Turing machines, where we cannot
verify and therefore must take for granted that the machine always satisfies the bounded probability requirement.
7 An earlier version noted that this argument works for linear time as well, but on closer inspection this may fail to be the case since
having to simulateM on i by a universal Turing machine will likely add a logarithmic overhead to the linear time ofM, which means
that the reduction itself would not be linear time.
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complexity classes relative to these resources and provided some first structural results and canonical
complete problems for these classes. It is important to note that these completeness results are largely
independent of the exact definition of a SNN model that is used, for example, whether neuron poten-
tials can be negative or whether there is a refractory period of the neurons. It is still an open question
whether variations therein may have consequences for the complexity level.

We already hinted at other future structural complexity work, most urgently on the role of energy as
explicit dimension of analysis. Particular challenges include identifying general examples of an asymp-
totic trade-off between time and energy, and determining whether there exists an energy analogue of the
time complexity hierarchy. Of further importance is a notion of amortisation of resources that is crucial
when considering local changes to the SM, such as adapting the weights when learning, or when using a
SM with a set of spike trains rather than recreating everything from scratch.

In addition to furthering our understanding of the structural aspects, the more applied work of pop-
ulating the associated classes with natural problems using neuromorphic algorithms, along with deriv-
ing concrete hardness results for these problems, should be high on the agenda for the neuromorphic
research community.
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